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By neglecting the effects of self-force and radiation, we investigate the possibility of destroying the
Kerr-MOG black hole through the point particle absorption process. Using the instability of event
horizon and equation of particle motion, we get the upper and lower energy bounds allowed for a
matter particle to produce the naked singularity. We find that the energy gap always exists between
the upper and lower energy bounds for both extremal and near-extremal black holes, which means
some tailored particles can actually lead to the violation of the weak cosmic censorship conjecture.
However, when considering the effect of the adiabatic process, the result shows that the Kerr-MOG
black hole gets more stable instead of a naked singularity, and thus the weak cosmic censorship
conjecture can be restored at some level.
PACS numbers: 04.20.Dw, 04.50.Kd, 04.70.Dy
I. INTRODUCTION
It is widely acknowledged that spacetime singularity will be formed at the end of the gravitational collapse of regular
matter [1]. And all physics we have known will be invalid at the singularity. But spacetime singularity cannot be seen
by distant observers, which means that it is always hidden inside the event horizon of a black hole [2]. This situation
is guaranteed by the weak cosmic censorship conjecture (WCCC). It is the foundation of black hole physics, especially
the theorems of black hole thermodynamics. Although WCCC is believed to be correct at some level, but the test of
its validity is still a huge challenge in astrophysics. For example, it was shown in Ref. [3] that naked singularity can
be produced during the collapse of a massive matter cloud with regular initial data.
The first work of testing the validity of WCCC can be traced back to the gedanken experiment proposed by Wald [4].
In the case, he envisaged that a matter particle with various quantities such as the mass, electric charge, and angular
momentum is dropped into an extremal Kerr-Newman (KN) black hole. Result indicates that such particle which can
destroy the horizon of the black hole either miss, or is repelled by the black hole. Later, the test of WCCC was revisited
by many authors. Hubeny showed that it is indeed possible to overcharge a near-extremal Reissner-Nordstrom black
hole by tossing a charged test particle, which obviously leads to the violation [5]. Also, Jacobson and Sotiriou found
that a near-extremal Kerr black hole can be overspun by a test particle with tailored angular momentum [6]. But once
considering the effects of radiation and self-force, it is inspiring that Kerr black holes are prohibited to be overspun
so that WCCC can retain. Radiative effects occur for some special orbits but self-force always makes effects during
the process that particles fall into the black holes [7–12]. Neglecting the effects of self-force and radiation, different
methods were proposed to destroy different black holes. For example, the extremal charged black hole was first
considered to be overspun by a spinning particle in Ref. [13]. Studies on spinning up the higher dimensional black
holes and AdS black holes were first carried out, respectively, in Refs. [14, 15]. Interestingly, the authored found that
the quantum tunneling process can lead to the violation of WCCC [16]. There are also many other works discussing
about the validity of WCCC in various black hole backgrounds [17–37]. However, it is worthwhile to note that due
to the narrow allowed range of particle’s energy to destroy the black holes, taking the radiative and self-force effects
into account may be a cure for the problem that thought experiments break down WCCC. In other situations, many
works have studied the possibility of destroying the horizon of a black hole through fields rather than the matter
particles [38–43]. Although most fields can encounter the phenomenon of superradiance which might prevent the
violation of WCCC, there are still some fields like massless fermions that do not exhibit superradiance [44]. Thus,
event horizon can be destructed if the fields are absorbed by the black hole [45].
On the other hand, among various modified gravitational (MOG) theories, the scalar-tensor-vector gravity [46] has
gained an increasing attention in recent years. It can provide better interpretation for the astronomical observations,
such as the solar system observations [47, 48], the dynamics of galactic clusters [49, 50], as well as the detection of
gravitational waves [51, 52]. Recently, the black hole solution was obtained by solving the field equations in this
gravity and some novel results were revealed [53]. The shape of the shadow for the black hole was investigated in
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2Ref. [54]. Thermodynamical properties for the non-rotating and rotating black hole solutions were studied in [55, 56].
The property of the accretion for the black hole was examined in Refs. [57, 58]. And in Refs. [59–61], the geodesics
were explored.
In this paper, by neglecting the effects of self-force and radiation, we use the thoughts of Wald’s gedanken experiment
to investigate the possibility of destroying the Kerr-MOG black holes. We find that the test particle within narrow
range of energy can produce the naked singularity from both extremal and near-extremal black hole. Thus, it implies
that the validity of WCCC can be broken down. Next we introduce an adiabatic process that assumes the absorption
of test particles happens during a period of time rather than at a moment. It is inspiring that the violation can be
reduced and the Kerr-MOG black holes remain stable during the particle absorption process. So it can be concluded
that WCCC is still valid for Kerr-MOG black holes once considering the adiabatic process.
The paper is organized as follows. In Sec. II, we briefly review the Kerr-MOG black hole. In Sec. III, we get the
upper and lower bounds of energy needed by test particles to destroy black hole and find that both extremal and
near-extremal Kerr-MOG black holes can be overspun. In Sec. IV, we introduce the adiabatic process with particle
absorption and restore WCCC. Finally, the discussions and conclusions are presented in Sec. V.
II. KERR-MOG BLACK HOLE
Here we would like to give a brief review of the modified gravity. Its action contains four parts, the GR (tensor)
part SGR, the vector part Sφ, the scalar part SS , and the matter part, which is given by[46]
S = SGR + Sφ + SS + SM , (1)
SGR =
1
16pi
∫
d4x
√−gR
G
, (2)
Sφ =
∫
d4x
√−g
(
−1
4
BµνBµν +
1
2
µ2φµφµ
)
, (3)
SS =
∫
d4x
√−g 1
G3
(
1
2
gµν∇µG∇νG− V (G)
)
+
∫
d4x
1
µ2G
(
1
2
gµν∇µµ∇νµ− V (µ)
)
. (4)
Note that G here is not a constant but a scalar field depending on the spacetime coordinates. Proca type massive
vector field φµ has mass µ. And V (G) and V (µ) are two potentials, which are corresponded to scalar fields G(x) and
µ(x). Moreover, the tensor field Bµν are constructed with the Proca type massive vector field φ
µ as Bµν = ∂µφν−∂νφµ.
In addition, Bµν satisfies
∇νBµν = 0, (5)
∇σBµν +∇µBνσ +∇νBσµ = 0. (6)
For the vector field, the energy momentum tensor reads
Tφµν = − 1
4pi
(
B σµ Bνσ −
1
4
gµνB
σβBσβ
)
. (7)
It was shown in Ref. [48] that the effect of the mass µ just becomes obvious at kiloparsec scales from the source. So if
only considering the strong gravity effect of the black hole, we can neglect it on seeking a black hole solution. Then
a vacuum black hole solution is described by the following action
S =
∫
d4x
√−g
(
R
16piG
− 1
4
BµνBµν
)
. (8)
For simplicity, one can consider G as a constant independent of the spacetime coordinates, while it can vary freely.
Thus, the corresponding field equation is
Gµν = −8piGTφµν. (9)
For the sake of clarity, the relation between the parameterG and Newton’s gravitational constant GN can be expressed
as
G = GN (1 + α). (10)
3It is clear that when α = 0, this gravity will reduce to GR. So α can be treated as a deviation parameter of MOG
from GR. Employing Eq. (10), the gravitation charge of vector field φµ is
√
αGNm, which implies that the parameter
α is positive.
Solving the fields equation, one can obtain the black hole solutions. In Boyer-Lindquist coordinates, the metric of
a Kerr-MOG black hole is given as [53]
ds2 = −∆
ρ2
(dt− a sin2 θdφ)2 + ρ
2
∆
dr2 + ρ2dθ2 +
sin2 θ
ρ2
(adt− (r2 + a2)dφ)2. (11)
where the metric functions are given by
∆ = r2 − 2GN (1 + α)mr + a2 +m2G2Nα(1 + α), (12)
ρ2 = r2 + a2 cos2 θ. (13)
In the following, we will adopt GN = 1 for simplicity. According to Ref. [62], the ADM mass is M = (1 + α)m and
the angular momentum is J =Ma. Thus, we get
∆ = r2 − 2Mr + a2 + M
2α
(1 + α)
. (14)
By solving ∆ = 0, we can obtain the radius of the black hole horizon
r± =M ±
√
(1 + α)(M2 − a2(1 + α))
1 + α
. (15)
It is clear that such black hole can possess two horizons forM2 > a2(1+α), one degenerate horizon forM2 = a2(1+α),
and no horizon related to naked singularity for M2 < a2(1 + α). When a = 0, this black hole becomes a static one,
which also has two horizons located at
r± =M(1± 1√
1 + α
), (16)
where one radius is larger than M , while another one is smaller than it. Further setting α = 0, it will back to the
Schwarzschild one with only one horizon located at r = 2M .
From above, one can find that this Kerr-MOG black hole is very similar to the KN black hole in GR, which is also
a vacuum solution, while with an electric field. However, there are two main differences. Firstly, they are from two
different gravity theory. The parameter α measures the deviation of the gravitational constant in the MOG from the
Newton one. While the charge of the KN black hole is a hair of the black hole, and has no relation with the Newton’s
gravitational constant. Secondly, they have different thermodynamics. For example, the KN black hole obeys the
Beckenstein-Hawking entropy-area law that the entropy equals a quarter of the black hole’s horizon area. However,
in the MOG, this entropy-area law will not be held. And it will be modified, see Ref. [55]. So these two black hole
solutions are different from each other. In the following, we will examine its geodesics.
In order to describe the process that a test particle is absorbed by the Kerr-MOG black hole, we necessarily show
the geodesics of the test particle with unit mass just in terms of the radial and θ-directional momentum [53]
ρ2r˙ = σr
√
R, (17)
ρ2θ˙ = σθ
√
Θ, (18)
where
R = (−E(r2 + a2) + aL)2 −∆(K + µ2r2), (19)
Θ = K − a2µ2 cos2 θ − (aE sin2 θ − L)2 csc2 θ. (20)
The sign functions σr = ± and σθ = ± are independent from each other, K is the carter constant, and µ2=1 and 0 for
massive particle and photon, respectively. Then, by removing the separate constant K, one gains the energy formula
describing a future-forwarding particle when it passes through the event horizon of the black hole along the equator
plane with θ = pi2 :
Eh =
aL+ r2h |r˙|
a2 + r2h
. (21)
Due to the conserved quantities such as energy and angular momentum of the test particle, the Kerr-MOG black hole
will undergo infinitesimal changes constrained by this relation.
4III. VIOLATION OF WEAK COSMIC CENSORSHIP CONJECTURE
Next, by neglecting the effects of radiation and self-force, we will investigate whether it is possible to destroy the
horizon of the Kerr-MOG black hole. First, we introduce a parameter
δ =M2 − a2(1 + α), (22)
In order to treat the matter particle as a test body, we assume that the energy and angular momentum of the particle
satisfy Eh = dM , L = dJ . Therefore, according to (21), when the test particle reaches the event horizon, the final
change of the black hole energy should be constrained as
dM =
adJ + r2h |r˙|
a2 + r2h
. (23)
It is natural that the violation of WCCC should be related to the particle absorption with certain energy and angular
momentum. Therefore, the test particle needs to reach the event horizon of Kerr-MOG black hole from the outside.
Based on this assumption, we can easily obtain the lower energy bound by requiring |r˙| ≥ 0,
dM ≥ Emin = adJ
a2 + r2h
. (24)
On the other hand, particle absorption infinitesimally changes the corresponding charges of the black hole, so
overall parameter change might cause the violation of WCCC which will produce the naked singularity. The relation
of parameter is given below
M ′2 − a′2(1 + α) < 0, (25)
where the parameters M ′ and a′ are
M ′ = M + dM, (26)
a′ =
J + dJ
M + dM
. (27)
By solving the inequality (25), we can gain the upper energy bound
dM < Emax = −M +
(
M2(dJ + J)2(M2 − δ)
J2
) 1
4
. (28)
Next we will examine whether Kerr-MOG black hole can be destroyed through the test particle absorption process.
A. Extremal Kerr-MOG black hole
As discussed above, extremal Kerr-MOG black hole corresponds to δ=0. For this case, the lower and upper energy
bounds read
Emin =
JMdJ
J2 +M4
, (29)
Emax = −M +
(
M4(dJ + J)2
J2
) 1
4
. (30)
For the angular momentum dJ=0, one easily obtains
Emin = Emax = 0. (31)
Thus, the weak cosmic censorship holds for absorbing a test particle with vanished angular momentum, i.e., dJ=0.
On the other hand, for dJ 6= 0, we plot the energy bounds as a function of the angular momentum dJ in Fig. 1
for different values of α. For α = 0, the Kerr black hole will be recovered. As is shown in Fig. 1(a), one can clearly
have Emin > Emax, which implies that extremal Kerr black hole cannot be overspun by a test particle, and this
result is consistent with that obtained by Wald [4]. However, when α 6= 0, the result becomes interesting. From
Fig. 1, it is clearly that, for small dJ , Emax > Emin, therefore the extremal Kerr-MOG black hole can become a
naked singularity by absorbing a test particle of small angular momentum. While for large dJ , the situation will be
reversed and one will have Emin > Emax. Thus the black hole will not be destroyed. Moreover, with the increase of
the deformed parameter α, the region allowed to destroy the event horizon enlarges, which can be found by comparing
with Figs. 1(b), 1(c), and 1(d).
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FIG. 1: Energy bounds Emax (blue solid line) and Emin (red dashed line) vs. dJ for the extremal Kerr-MOG black hole with
M=1. (a) α=0. (b) α=0.3. (c) α=0.8. (d) α=1.5. The green-dark region is for Emax > Emin.
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FIG. 2: Energy bounds Emax (blue solid line) and Emin (red dashed line) vs. δ with M=1 and J=0.9. (a) dJ=0.01. (b)
dJ=0.1. The green-dark region is for Emax > Emin.
B. Near extremal Kerr-MOG black hole
For the near-extremal Kerr-MOG black hole, its satisfies 0 ≤ δ ≪ 1. By taking M=1 and J=0.9, we plot the lower
and upper energy bounds as a function of δ for the test particle with angular momentum dJ=0.1 and 0.01 in Fig. 2.
Both the bounds decrease with δ. In Fig. 2, we can find that there always exists a region (denoted with dark green
color) which satisfies Emax > Emin. Therefore, the near-extremal Kerr-MOG black hole can also be destroyed like the
extremal Kerr-MOG black hole. It is also shown that, with the increase of δ, the energy gap decreases and ultimately
vanishes at some point beyond which the near-extremal black hole will not be destroyed by absorbing a test particle.
Moreover, for smaller angular momentum dJ , the energy region allowed to violate WCCC shrinks.
In Fig. 3, we plot the lower and upper upper energy bounds as a function of the deformed parameter α with M = 1
and J = 0.9 for dJ=0.1 and 0.01, respectively. For this case, the extremal Kerr-MOG black hole corresponds to
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FIG. 3: Energy bounds Emax (blue solid line) and Emin (red dashed line) vs. α with M=1 and J=0.9. (a) dJ=0.01. (b)
dJ=0.1. The green-dark region is for Emax > Emin. Extremal black hole is located at α = 0.2346.
α = 0.2346. So we require α < 0.2346 for a black hole. From the figure, it is easy to find that both the bounds
increase with α. For small α, we have Emax < Emin, so these black holes are not allowed to be destroyed. However,
when α is larger than some certain values near the extremal value, for example, α=0.2304 for dJ=0.01 and α=0.1666
for dJ=0.1, one will get Emax > Emin. This indicates that the near extremal black hole can be overspun by absorbing
the particle. On the other hand, we can also find that the parameter range of α increases with dJ .
Based on the discussion above, WCCC can be violated both for the extremal and near-extremal Kerr-MOG black
holes. In particular, the greater deformed parameter α is, the larger energy gap to destroy the event horizon becomes.
Thus it can be concluded that the existence of deformed parameter α increases the possibility to destroy a rotating
Kerr black hole.
IV. RESTORATION OF WEAK COSMIC CENSORSHIP CONJECTURE
As suggested in Refs. [18, 63], then we would like to consider a continuous path called the adiabatic process during
the particle absorption. The violation of WCCC is mostly due to the fact that the absorption of the test particle is
assumed to happen at a moment, while it should take time to spread across the horizon of the black hole. Instead of
jumping from the initial condition to the final state at a once, we split the process into N steps.
When the black hole parameters change, respectively, from M and J to M + dM and J + dJ , the parameter δ will
change to δ′
δ′ = −
( J + dJ
M + dM
)2
(1 + α) + (M + dM)2. (32)
For simplicity, we define F (M,J, δ, dJ) = δ′. Then substituting Eqs. (15), (22), and (23) into the above equation
(32), we can clearly obtain
F (M,J, δ, dJ) = −
(dJ + J)2M4(M2 − δ)
[
M5 −M3δ + J2
(
M + 2
√
M2(M2−δ)δ
J2
)]2
J2
[
dJJM(M2 − δ) +M4(M + |r˙|)(M2 − δ) + J2
(
M3 + |r˙| δ + 2M(M + |r˙|)
√
M2(M2−δ)δ
J2
)]2
+
[
M +
dJJM(M2 − δ) + |r˙|
(
M6 + J2δ −M4δ + 2J2M
√
M2(M2−δ)δ
J2
)
M
(
M5 −M3δ + J2
(
M + 2
√
M2(M2−δ)δ
J2
))
]2
. (33)
Here, |r˙| is the radial velocity of the test particle. We can also understand this case as that a particle of energy
dM and angular momentum dJ is split into N small ones with each one has energy dM/N and angular momentum
dJ/N . Then these small particles are absorbed by black hole one by one. Then the continuous path also known as
7the adiabatic process is given in terms of N steps
δ → F (M,J, δ, dJ
N
) = δ1 → F
(
M +
dM
N
, J +
dJ
N
, δ1,
dJ
N
)
= δ2
→ · · · → F
(
M + (N − 1)dM
N
, J + (N − 1)dJ
N
, δN−1,
dJ
N
)
= δN . (34)
In each of the steps, it is natural to assume the radial velocity |r˙| keeps unchanged. The final state of the black hole
is still M + dM and J + dJ , but the resulting parameter δN can always be positive if the step number N is taken to
be large enough. Thus, the event horizon will not be destroyed, which leads to the restoration of WCCC. In Table. I,
we list the changes of small parameter δ, the horizon radius rh and the deformed parameter α. The numerical values
which we choose are M = 1, J = 0.99, and dJ = 0.01. In addition, the initial value and the step number is δ = 0 and
N = 10. According to the relation (23), we set |r˙| = 0.00005 and dM = 0.005025. It is well noticed that, if the value
of radial velocity |r˙| vanishes, then the step number needs to be infinity which cannot be shown through numerical
calculation.
Instead of destroying the event horizon of the extremal Kerr-MOG black hole at once, the black hole gets further
away from the extremal condition with the step N . Moreover, we find that the horizon radius becomes larger within
this adiabatic process, which may mean that the black hole gets more stable during the absorption of the test particle
rather than produces the naked singularity. What’s most interesting is that deformed parameter α decreases during
the process which indicates Kerr-MOG black holes gradually approach to more stable Kerr black holes in accordance
with the above discussion. This process also applies to near-extremal Kerr-MOG black hole. Thus, we restore the
validity of WCCC when considering effect of the adiabatic process.
N 0 1 2 3 4 5 6 7 8 9 10
δ (10−4) 0.00 0.81 1.46 2.04 2.59 3.10 3.59 4.06 4.50 4.92 5.33
rh 1.0000 1.0094 1.0130 1.0157 1.0179 1.0200 1.0218 1.0235 1.0250 1.0265 1.0279
α (10−2) 2.030 2.021 2.014 2.007 2.001 1.995 1.990 1.985 1.980 1.975 1.971
TABLE I: Changes of δ, rh and α with N .
V. DISCUSSIONS AND CONCLUSIONS
In this paper, we investigated whether the validity of WCCC still remains in Kerr-MOG black hole background
without taking self-force and radiation into consideration. By using the equation of motion of a test particle with
energy and angular momentum, we got the infinitesimal change of the corresponding charge of the black hole during
the absorption process of the test particle.
Next, we studied the instability of the event horizon and the constraint condition that the matter particle can
actually reach the event horizon during the absorption process. Thus, we gained the upper and lower energy bounds
needed by a test particle to destroy the Kerr-MOG black hole. It is found that there always exists a narrow energy
range allowed to destroy the event horizon for both extremal and near-extremal black holes. Besides, with larger
deformed parameter α, the energy gap for test particle to destroy Kerr-MOG black hole becomes greater which is a
major difference from GR. We concluded that the existence of the deformed parameter α makes the possible violation
of WCCC for extremal Kerr black holes.
Further, we also considered the effect of the adiabatic process. Instead of assuming the absorption process happens
at a moment, the whole process is split into many steps during a period of time. In this case, the Kerr-MOG black
hole becomes larger and more stable rather than a naked singularity further confirmed by the fact that deformed
parameter α decreases during this process. Thus, WCCC is restored. In conclusion, the WCCC can be violated
for the extremal and near extremal Kerr-MOG black hole by absorbing a test particle. While when considering the
adiabatic process in the test particle absorption process, the validity of WCCC can be guaranteed.
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